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Image Compression

64 K bytes 8 K bytes
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Image Interpolation

64 x 64
128 x 128
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Image Halftoning



NKFUST C. C. Tseng

Image Sharpening
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Image Inpainting
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Image Inpainting
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Image Matting

移花 接木
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Image Binarization
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Lane Detection
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Feature Extraction

L-shape:

Triangle:

Trapezoid:

[0.879  2.862  5.225  4.693  10.339  6.237  9.666]

[0.925  2.869  7.937  5.454  12.425  6.894  12.409]

[0.918  2.938  6.512  5.874  12.679  7.369  11.928]
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Visual Cryptograph
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Fractional Platform
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Fractional Calculus
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Fractional Calculus
People who have worked on fractional calculus.

• Euler (1730)

• Lagrange (1772)

• Laplace (1812)

• Fourier (1822)

• Riemann (1847)

For almost 300 years the investigation was mostly mathematical.
Only during last 30 years the mathematical deductions found some
physical and engineering relevance.
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Fractional Calculus
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Fractional Calculus

IFAC Workshop on Fractional Differentiation and its Applications
1. First: Bordeaux France, July 19-21, 2004
2. Second: Porto, Portugal, July 19-21, 2006
3. Third: Ankara Turkey, Nov. 2008
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Fractional Transform
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Fractional Delay

IEEE Signal Processing Magazine (Jan. 1996)
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Fractal Dimension

D=1

D=2

D=3

Koch curve: D=1.2619
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Fractal Dimension

D=log(n)/log(s)=log(8)/log(3)=1.8928

Sierpinski Carpet Sierpinski Gasket

D=log(n)/log(s)=log(3)/log(2)=1.5850
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Fractional Signal Processing

1. Fractional Calculus
2. Fractional Delay 
3. Fractional Fourier Transform

1. Fractal Dimension
2. Fractional Moment 

Fractional Operator:

Fractional measure:
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Fractional Signal Processing

1. Fractional Signal Processing and 
Applications, (vol. 83, No.11, Nov. 
2003).

2. Fractional Calculus Applications in 
Signals and Systems (vol. 86, No.10, 
Oct. 2006).

3. Advances in Fractional Signals and 
Systems (Apr. 2010)

Special Issue:
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Fractional Signal Processing

Recent symposium: https://www.fct.unl.pt/fss09/
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Fractional Calculus - Definition 
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Fractional Calculus - Definition
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Fractional Calculus - Definition
Define delay operator:

)(tx khq − )( khtx −

Then, from the equalities
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Fractional Calculus - Definition
we have
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Fractional Calculus - Definition
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Fractional Calculus - Definition
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Fractional Calculus - Example
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Fractional Calculus - Example
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Fractional Calculus - Example
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Fractional Calculus - Differentiator
Fourier transform pairs:

Using fractional differential operator       ,we have 
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Fractional Calculus - Differentiator
Ideal Frequency Response (Continuous-time case)

Ideal Frequency Response (Discrete-time case)

p :  delay value
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Fractional Calculus-Application

30 60 90 120 150 180 210

Mach 
band 
effect
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Fractional Calculus - Application
Generate Mach band effect using fractional order 
differentiator

:           order differentiator

Not same as the Mach band effect.

)(zH thv −

⇒

][nx ⊕
)(zH
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Fractional Calculus- Application
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Fractional Calculus - Application
Generate Mach band effect using two fractional order 
differentiators

:               order differentiator

Same as the Mach band effect. 

][nx

)(zH thv −

⇒

⊕)(zH ][ny

)(zH time 
reverse

time 
reverse
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Fractional Calculus- Application
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Fractional Calculus- Application
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Fractional Calculus - Application
1-D                    2-D :

First: row by row                Second: column by column

M

image image

L
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Fractional Calculus- Application

original image ν = 0.3
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Fractional Calculus- Application

ν = 0.6 ν = 1
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Fractional Calculus- Application
Conventional Laplacian Method
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Fractional Calculus- Application

original image Laplacian method



NKFUST C. C. Tseng

Fractional Calculus- Application

Laplacian methodν = 0.3
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Fractional Calculus- Application

original image
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Fractional Calculus- Application

ν = 0.3
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Fractional Calculus- Application

ν = 0.6
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Fractional Calculus- Application

ν = 1
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Fractional Delay-Problem

Sampling

Sampling

x(t)

D

x(t-D)

x[n]

D

x[n-D]

The problem is how to obtain x[n-D] from x[n] directly, 
where D is a fractional number.
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Fractional Delay-Method
x[n]

Reconstruction

x(t)

D

x(t-D)

Delay D

sampling
D

x[n-D]

Step 1

Step 2

Step 3
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Fractional Delay-Method
x[n]

Reconstruction

x(t)

D

x(t-D)

Delay D

sampling
D

x[n-D]

Step 1

Step 2

Step 3

)(][)( DnsincnxDnx −∗=−
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Fractional Delay-Method

)(][][ DnsincnxDnx −∗=−

Fractional delay problem reduces to a digital filtering 
problem below:

Digital filter with 
impulse response 

sinc(n-D)x[n] x[n-D]
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Fractional Delay-Application

Half-sample delay for doubling sampling rate 

1-D: 2-D:
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Fractional Delay-Application

256 x 256
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Fractional Delay-Application

256 x 512
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Fractional Delay-Application

512 x 512
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Fractional Delay-Application
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Fractional Delay-Application

The NRMS errors Err in the image magnification experiment.

6.4829 %8.5044 %10.2050 %Aerial
5.1594 %5.7866 %6.9903 %Airplane
7.8363 %9.5119 %10.5238 %Lake
14.2048 %16.0415 %17.8948 %Mandrill
4.6149 %6.3303 %7.3574 %Lena

Fractional delayBilinear methodNearest neighbor
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Fractional Fourier Transform (1)
Fractional Fourier transform:
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Fractional Fourier Transform (2)
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Fractional Fourier Transform (3)
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Fractional Fourier Transform (4)
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Fractional Fourier Transform (5)
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Fractional Fourier Transform (6)
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Fractional Fourier Transform (7)
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Fractional Fourier Transform (8)
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Image watermarking in the fractional DFT domain. (a) Original image (b) Original watermark (c) 
Watermarked image with (α,β)=(0.3,0.3) (d) Extracted watermark with (α,β)=(0.3,0.3) (e) Extracted 
watermark with (α,β)=(0,0) (f) Extracted watermark with (α,β)=(0.5,0.7). 
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Conclusion

IEEE Circuits and Systems Magazine Vol.8. No.3, pp.19-26, 2008

Invite you to join fractional world !!!


